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Abstract. In this work we give general conditions under which a 
perturbation of an expansive homeomorphim with specification 

property has an unique Bowen measure, that is, there is an ergodic 

probabiUty measure which is the unique measure maximizing the 

topological entropy. 

We apply these conditions to show that several derived from 

Anosov diffeomorphims have a unique Bowen measure. 

1. Introduction 

The well known variational principle states that if / : X — X is a 
continuous map of the compact metric space X then the supreme of 
the metric entropies over the set of invariant probabilities measure is 
the topological entropy: 

htopif) = sup hf,{f) 
fieM{x,f) 

where M{X, /) is the set of invariant probability measures. It is an old 
and a very important problem to know whether this supreme is in fact 
a maximum and in this case whether the maximum is attached by a 
single probability measure. 

After Bowen, some sufficient conditions are known to give a positive 
answer to this question. Indeed he showed a way to construct it. Let 
X be a compact metric space and / : X X be an a-expansive 
homeomorphism with the specification property. For n > 1, denote by 

Per„(/) := {x G X : /"(x) = x}. 
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and define the sequence of /-invariants measures 

|Per„(/)| ^ 

Bowen [21 S] proved tliat tfie sequence above lias a unique accumula- 
tion point n wliicti is /-invariant, ergodic, and is tlie unique measure 
maximizing tfie entropy, tliat is, 

hf,{f) = htopif). 

In tliis work, we give conditions on g : X — > X an liomeomorpliism 
C°-close to / tfiat ensure tfie existence and uniqueness of a probability 
measure maximizing the entropy. Under mild conditions such homeo- 
morphism g is semi conjugated to /, that is, there exists h : X X 
continuous and onto such that f o h = ho g^ but neither it is expansive 
nor has the specification property. 

Nevertheless, a weak form of expansivity is satisfied by g: if two 
points X, y satisfies that 

dist(^"(x),(7"(y)) <a, VnGZ; 

where a is the expansivity constant of /, then 

distig-ix),g-iy))<r], Vn G Z; 

where t] is much smaller than a (and in fact depends on the distance 
between / and g). In other words, g losses the expansivity property 
and the specification property on a very tiny micro scale. Thus, if the 
perturbation does not increase the entropy, one may expect to have the 
same property as Bowen proved for /, since we can study the situation 
in a scale less than the expansivity constant of / but larger compared 
to 1]. This is, morally, the heuristic reason for our result. See Section [2] 
for detailed statements. 

Our main motivation is to apply such conditions to the class of 
partially hyperbolic diffeomorphims, known as derived from Anosov. 
We conclude from our results that many such diffeomorphims admit a 
unique measure with the previous properties. See Section H] for more 
details. 

We would like to point out that while we were working on this subject 
a preprint from J. Buzzi and T. Fisher (see [B]) came out. This work 
shows that a particular class of Marie's derived from Anosov diffeo- 
morphims has a unique probability measure of maximal entropy with 
methods similar to ours. Nevertheless, our method is a somewhat more 
general and it can be applied to more situations as we show in Section H] 
and to be extended to more general equihbrium states [TO] . 
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2. Statements 

Let X be a compact metric space and / : X —>■ X he a.n a-expansive 
homeomorphism with the specification property. For n > 1, denote by 

Per„(/) := {x G X : r{x) = x}, 

and define the sequence of /-invariants measures 

and define 

(2.2) := lim /i„ 

As we already said in the introduction, Bowen proved that the limit 
(12.21) in fact exists and /x is an /-invariant measure, ergodic, and it is 
the unique measure maximizing the entropy of /. 

Let g : X —>■ X he a homeomorphism semi conjugated to /, that 
means there exists h : M —>■ M continuous and onto such that 

f o h = h o g. 

The semi conjugation h allow to define the equivalence relation: y 
z if and only if h{y) = h{z). For x G X we denote by [x] := {?/ G X : 
h{y) = h{x)} = h^^ihi^x)) the equivalence class of x. We say that a 
class [x] is periodic if h{x) is a periodic point of /. A class [x] is trivial 
if its cardinality is one. Otherwise, we say the class is non-trivial. 

We recall that given a compact set the entropy of g relative to K 
is defined as follows: for any e > and ra, let EK{n,e) the maximum 
cardinality of a {n, e)-separated set (for g) and contained in K and let 

htopig,K) = limlimsup — logii^ii-(n, e). 

e >0 Yi — ^oo ri 

Now, we are ready to state our conditions: 
(HI) htopig, [x]) = for any x G X. 

(H2) Each periodic class [x] has a periodic point of g with the same 

period of h{x). 
(H3) fi{{h{x) : [x] is trivial }) = 1. 
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The condition (H2) allows to chose one periodic orbit for each peri- 
odic class, that is, we set 

Peinig) := { xe /i-^(Per„(/)) n Per„((7) : 

if o(xi, g) i- o{x2, g) then o{h{xi), f) ^ o{h{x2), /)}, 

and define 

Theorem A. If f,g : X ^ X are as above and assumptions (H1-H3) 
are satisfied then 

(2.4) u = lim Un 

n— >oo 

exists and it is f -invariant, ergodic, and it is the unique measure maxi- 
mizing the entropy of g. In particular v equidistribute the periodic class 

ofg- 

Remark : The condition (H2) can be removed. In fact, if [x] is a 
periodic class with h{x) G Per„(/), then [x] is compact and : 
[x] — i> [x] is an homeomorphism, where m is the period of h{x). So, 
there exists a (yf™-invariant probability measure 6[x] suported on [x]. Of 
course g^:Six] is a gf^-invariant probability measure supported on [h{x)] 
and h^:6[x] = 5h{x)- In particular 

^ m—l 

m ^-^ 

k=0 

is a ^f-invariant probability measure supported on the orbit of the pe- 
riodic class [x]. 

So we can define Per n{g) as the set of equivalent classes that are fixed 
by g"' and for each periodic class we select a gf-invariant probability 
measure S[x] as above (with 5[gfc(a;)] = g^S[x])- Now (12. 3p can be written 
as 

(2.5) Un := ^ ^ '^N- 

Note that (H2) imples that 6[x] can be chosed a Dirac measure sup- 
ported on a periodic point of [x]. Nevertheless, as we will see in the 
proof of Lemma 13.11 it is enough that there exist a biyection between 
Per„(/) and Peinig) and 

h*5[x] = 5h(x)- 
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3. Proof of Theorem [A] 

Let V be any accumulation point of the sequence Vn- We will prove 
that V is the unique measure of maximal entropy, and hence v will be 
the limit of z/„ and the result will follows. 

Lemma 3.1. It holds that h^v = fi. 

Proof. First, note that /i*z/„ = for all n > 1. In fact, for every 
A <0 X Borelean, if a; G X is any point then 

4(/^-'(A))=5,(,.)(A). 

Taking this last equality and (H2) into consideration, we conclude that 

h,Un{A) = iyn{h-\A)) 



|Per„(/)| 



= l^n{A). 

From the continuity of h^: we have that 

Ki^ = 11. 



□ 



Lemma 3.2. The measure v is of maximal entropy, that is, 

Kig) = htopig). 

Proof. Let P be a partition of X and V = h~^{V). Then hy{g,V) = 
h^{f,V) and so h^{f) < h^{g). On the other hand, Bowen formula [2] 
states that 

htopig) < htopif) + sup htopig, N)- 
Therefore, from (HI) and the variational principle we conclude that 
htopig) < htopif) = h^if) < h^ig) < htopig). 

□ 

We say that A is saturated if A = /i~^(/i(y4)). In general, the 
saturation of A C X is defined as sat(yl) := h^^ihiA)). Note that 
z/(sat(A)) =fiihiA)). 

Lemma 3.3. For ever Borel set A we have viA) = z/(sat(A)). 
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Proof. Let X = {x & X : [x] = {x}}. From (H3) and the fact that 
h^u = /X we have that = 1. For A C X Borelean, we have 

z/(sat(A)) = i/(sat(A) n X) = iy{A f] X) = iy{A). 

□ 

Corollary 3.4. The probability measure v is ergodic. 

Proof. From Lemma [3.31 follows that if P is a (yf-invariant subset, then 

u{P) = u{h-\h{P))=^^{h{P)). 
Since h{P) is /-invariant and /i is ergodic, then u is ergodic. □ 



Lemma 3.5. Let rj be a g-invariant probability measure and assume 
that f] is singular with respect to v. Then 

hnig) < htopig) 

Proof. Let p = h^rj. It follows that p is singular with respect to p. The 
Ledrappier- Walter's formula [8] states that 

hr,{,g) <hp{f) + / htopig, h'^{x))dp{x). 
Jx 

and from (HI) it follows that 

h,{g) < h,{f). 

Bowen proved ^ that hp{f) < htopif) = htop{g) and the result follows. 

□ 

Now, we are about to finish the proof of Theorem lAl Let r] be any g- 
invariant probability measure such that hrj{g) = htop{g)- We can write 
rj = arji + (1 — a;)?72 for some a G [0, 1] such that rji are probablity 
measures, rji << u and ri2 is singular with respect to u. It follows that 

htopig) = Kid) = ahrj^ig) + (1 - a)K2ig) < htopig). 

The previous lemma implies that a = 1, that is, rj is absoluty con- 
tinuous with respect to u. As u is ergodic we have that rj = v. This 
completes the proof of the theorem. 

4. Examples 

This section is devoted to show some examples where our theorem 
applies. 
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4.0. 1. Example 1: Blowing up periodic point. The first and almost triv- 
ial example is when we blow up a fixed point. Let / : M — > M be an 
expansive homcomorphism of the manifold Af with the specification 
property and let p be a fixed point. Let B{p) be a closed ball around 
p and let /i : M — i> M be a continuos map such that h{B) = p and 
h\{M \B) : M\B ^ M\{p} is a bijection. Let qb : B ^ B he a 
homeomorphism such that it has zero entropy on B and assume that 
g : M ^ M defined as g{x) = gsi^) il x & B and g{x) = h~^{f{h{x)) 
otherwise is a homemorphism. Thus, g satisfies our theorem and hence 
has a unique measure of maximal entropy. 

4.1. Derived from Anosov examples. For the sake of complete- 
ness we include known results about C° perturbation of Linear Anosov 
diffeomorphisms. Let A : MJ^ — > MJ^ be a hyperbolic linear map 
jgn _ We take an adapted norm on each subspace: 

\\A\E'\\s < a < 1, \\A~^\E''\\u < a < I 

and in M" we take the maximum norm with respect to the decomposi- 
tion E^'^E'^, that is ||a;|| = = max{||x''||s, ||a;"||u}. Let r > 0. 
We say that {xn : n e Z} is a r-pseudo orbit (for A) if || Ax^— || < r 
for all n e Z. 

Lemma 4.1. Let {xn}nei. be an r-pseudo orbit. Then it is shad- 
owed by a true orbit, i. e., there exists y such that, for every n e Z, 
then 

||A"y-a;„||<-^. 

-L CL 

Proof. Let Xn = (a;*,a;5^). It is not dificult to see (by the uniform con- 
traction in E^) that, for every n>0 and all m e Z, then 

X (Jj 

Thus, if is an acumulation point of A^xtn then, for every n e Z, 
II ~ 2;* II < An anologous argument show that there is a point 
such that for every n G Z, ||A"i/" — 2;"J| < Therefore, the point 
y = (y*) y") is the desired point. Uniqueness follows since A is infinitely 
expansive. □ 

Corollary 4.2. Let A be hyperbolic and let G : M'^ — >• M" be a homeo- 
morphism such that \\Ax — G(a;)|| < r for all x e R". Then there exists 
: — > M"^ continuous and onto such that Ao H — H o G. Moreover 
\\H(x)-x\\ < 

II V / II 1— a 
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Proof. Any G-orbit is an r pseudo orbit for A. Therefore, just define 
H{x) as the unique point such that 

\\A-{H{x))-G-{x)\\<-^ 

1 — a 

and the result fohows. □ 

Corollary 4.3. Let / : T" — >■ T" 6e a linear Anosov map. Then 
there exists C > such that for any small r and any (7 : T" ^ T" 
with distco(/, (7) < r there exists h : T" T" continuous and onto, 
distco{h, Id) < Cr, and fok = hog. Furthermore, if a is a expansivity 
constant of f and Cr < a/A , then if dist{g''^{x), g''^{y)) < a/2 for all 
n E Tj, then h{x) = h{y). 

Proof Let A e SL{n, Z) be the lift of / to M" and let G be a lift of g 
such that ll^a; — (j'(x)ll < r for all x. If r is small, then G is isotopic to A 
and hence G = A+p where p{x + 7/^) = p{x). Notice that G" = A^+pn 
where Pn{x + Z") = Pn{x). Let H from the previous corollary and let 
teZ"". Then: 

+t) -G"(a; + t)|| = ||A"(i7(x)) + A"t-G"(a;)-v4'^t|| 

= \\A-(H{x))-G-ix)\\<-^, 

1 — a 

for all n G Z and hence H{x+t) = H{x) + t. Thus H defines the desired 
h on T*^. The last part follows since dist(/"'(/i(a;)), f"{h{y))) < a for 
all neZ. □ 

4.1.1. Example 2: Mane's derived from Anosov. Let T", n > 3, be the 
torus n-dimentional and / : — T" be a (linear) Anosov diffeomor- 
phism with expansivity constant a. Assume that the tangent bundle 
of T" admits the /^/-invariant splitting 

TT" = E'' © © E"", 

with dimii^" = 1 and 

A, := \\Df\E'-'\\ A„ := \\Df\E^ A„„ := \\Df-'\E^-\\ 

satisfying the relation A^ < 1 < A„ < Xuu- Let p be a fixed point 
of /. Let r > small enough (to be fixed later). Consider the open 
ball B{p,r). Then deform the Anosov diffeomorphim / inside B{p,r) 
passing through a flip bifurcation along the central unstable foliation 
J^^{p) and then we obtain three fixed point, two of them with stability 
index equal to dimE"** and the other one with stability index equal to 
dim i?* + 1 as it is shown in Figure [H 

We call g the diffeomorphism obtained in this way. It made be 
done in such a way that g is partially hyperbolic with subbundless 
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Figure 1. 

E"' © E'^ © E"" with dimE" = 1 and such that distco(/, 5-) < r. Then, 
g is semi conjugated to f hj h : M M which is close to the identinty 
of the same order as r, that is dist(/i(x), x) < Cr for some constant C. 

Notice that, since E'^ is one dimensional (and continuous) it is inte- 
grable (not necessarily unique). And hence, E^^ © E'^ and E"^ © E'^^ 
are integrable too. We write W^^ the ball of radius e in W^^lx) (for 
some central stable plaque through x). Once we fixed a central stable 
manifold through x, say W'^^{x), we set W'^'^{g^{x)) := g''^{W^^{x)). 

We will assume the following properties of g : (see Figure [2] and [3]) 

• We may choose, 6 and e < a/2 such that if d{x,y) < 6 then 
W^'^{x) n W^^{y) is nonempty and consists of a single point, 
say z. Moreover, z G W^p^^^{g{y)) and (7(2) G PV^'^''((y'(a;)). 

We remark that 6 and e are independent of r small, they depend on 
the C° closeness of E'"'{f),E''{f),E''''{f) with the respective bundles 
for g. 
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• We also assume that [x, y]^ is a central segment whose length 
is less than e and dist {g {x), g{y)) < 6 then g{[x, yY) is a central 
segment with length less than e. The same with g~^. 




Figure 3. 

Lemma 4.4. Assume that r is such that Cr < min{5, a/4}. Let 

: T" — i> T" 6e such that distf7o(/, ^f) < r and g satisfies the above 
assumptions. Let h he the semiconjugacy Cr close to the identity be- 
tween f and g. Then, an equivalent class consists of a single (closed) 
central segment (possibly trivial) of length less than 2Cr. 

Proof. Let x,y be such that h{x) = h{y). Fix a central stable plaque 
through X and let z = W^'^{x)r\W^^{y). Then, since dist {g (x), g{y)) < 6 
it follows that 

w:^igix))nwrigiy)) = {giz)}. 

By an induction argument we conclude that g"'{z) G W^^{g"'{y)). Thus, 
z = y and so y & W^'^lx). With a very similar argument, arguing with 
W^{x) and W^'^{y) inside W^^{x) we conclude that y G W'^{x). Let 
[x, 7/]'^ be the central segment in the chosen W^lx) between x and y, it 
has length less than e. Now we conclude that g"'{[x, yY) has length less 
than e for all n. This implies that h{[x,yY) = h{x) = h{y). 

□ 

Corollary 4.5. Let g be as above. Then (HI) and (H2) of TheoremlAl 
hold. 

Proof. Condition (H2) holds since a periodic segment has a periodic 
point of the same period. Condition (HI) holds since, for every e and n 
the cardinality of a maximal (n, e) separated set in an equivalent class 
is bounded by n2Cr/e. □ 

In order to verify that hypothesi (H3) is satisfied, consider the fol- 
lowing: 

(i) Set a = mi{\\Dg{x)\E%x)\\ : x e M}. 

(ii) Let m = min{j > 1 : (tA{ > 1}. 
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(iii) Let p be such that /i(M \ B{p, p)) > 1 — 2^ where ji is the 
maximal entropy probabihty measure of /. 

(iv) Let r be such that 2Cr < p/2. 

Wc will show that these conditions imply (H3) holds. We remark 
under the above setting that g could be very far in the topology 
from any Anosov diffeomorphism (if a is very small) but in that case 
the C° distance between / and g should be very small. 

Lemma 4.6. Under the above setting, condition (H3) is satisfied, that 
is, if X is ii-generic, then is a single point. 

Proof. Let x he a. p- generic point. Then Birkhoff's theorem ensure 
that 

hm -{j : /^■^S(p,p)}>l--^, 

n^oo n 2m 

and so, for n >no, with no large we have 

-{j : f^{x)^B{p,p)}>l--. 
n m 

Now, take a point y e h~'^{x). Then, for every n e Z we have 

dist(^"(y),r(x)) <Cr. 

So, for n > no, 

-{j ■■ g'{y)^B{p,p/2)}>l--. 
n m 

We claim that h~^{x) consists of one point. Otherwise, let yi,y2 £ 
h~^{x). Take n > Uq such that 

((7A:r)""2Cr<dist(yi,y2). 

Since 

dist((?"(yi),(?"(y2))<2Cr 

and the central segment between yi,y2 is also in the equivalent class 
we have that 

dist(2/i,2/2) = dist((?-X(?"(yi)),r"(^?"(y2))) 

< (aA™)-Mist((?"(yi),^?"(y2)) 

< {ay:r^2Cr<dist{y^,y2), 

a contradiction. Therefore, for any yU-generic point x, we have that 
h~^{x) consist of a single point and (H3) is satisfied. 

□ 

Corollary 4.7. Let g as above. Then g has a unique probability mea- 
sure of maximal entropy. 
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4.1.2. Example 3: Mixed Mane's derived from Anosov. Let / : T" — > 
T" be a (linear) Anosov diffeomorphism, n > 4 such that TT" = 
E'-' e © © with dim^^ = dim^" = 1 with rate of con- 
traction/expansion as Ass < As < 1 < A„ < Xuu- Taking a power of 
/ if necessary, assume that / has two different fixed points p and q. 
Let r > be small (to be fixed later) and deform / inside B{p,r) and 
B{q,r) like the Mafic's derived from Anosov: in B{p,r) wc perform a 
flip perturbation along E^ and on B{q, r) we perform a flip bifurcation 
along In this way we can obtain g satisfying the following: 

• ^ is partially hyperbolic: TT" = E'' © E^' © E^"" © E"" which 
is dominated (each subbundle dominates the previous ones by 
a factor a < 1), and dimE"*^^ = dim^^*^" = 1. These subbundles 
are C° close to the respective ones of /. 

• distco(/,5') < r. 



\D9 



< a i — s,u 



• If dist(x, y) < 2Cr then ^ei(^) 

• Df\E'^{x) is uniformly contracting outside B{p,r) with rate 
As. 

• Df\E^'^{x) is uniformly expanding outside B{q,r) with rate 

• Let(7i =sup{||L'^|E'^"(a;)|| : x e M} and (72 = inf{l|I^^|E""(.x)|| 
X G M} and m be such that aiA™ < 1 and (T2A™ > 1. Let p 
such that /x(M \ B{j, p)) > 1 — l/2m, j = p,q where p is the 
Bowen measure of /. We assume that 2Cr < p/2. 

We show that g falls into the assumptions of our Theorem and hence 
has a unique measure of maximizing entropy. This example share sim- 
ilarities with the previous example and so we will give an outline of the 
proof. Let /i : — T" the scmicongugacy. Wc will assume for the 
sake of simplicity that E'^ = E^'^ © E'^'^ is uniquely integrable. Notice 
that E'^'^ and E'^^ are one-dimensional and hence they are integrable. 
Let J be a segment tangent to E'^^, we say that E'^^ is uniquely in- 
tegrable through J if any maximal integral curve of through any 
point of J must contain J. Analogously for E"^. 



Lemma 4.8. Let x e 6e any point. Then, one and only one of the 
following hold: 

(i) h^^{x) consists of a single point. 

(ii) h~^{x) is a segment tangent to E^^ of length less than 2Cr. 

(iii) h~^{x) is a segment tangent to E'^'^ of length less than 2Cr. 

(iv) h~^{x) is a square tangent to E^^ © E'^: 
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• for each y e h^^{x) we have that W^^{y) fl h~^{x) is a 
central stable segment that we denote by J'^^{y) and E'^^ is 
uniquely integrahle through J'^^{y). Similar for E'^'^ . 

• Ify andz are inh~^{x) then, ^ J'^^{y)r\J'^^{z) e h~^{x). 

Proof. Assume that h~^{x) is not trivial, and let y,z ^ h~^{x) be two 
different points. By a similar argument as the previous example we 
conclude that y G W^{z). And also, if 2; G W'^^{y) then [y, z^^ C h~^{x). 
This means that W^^{y)r\h~^{x) is a segment, say J'^{y) whose length 
remains bounded in the future and in the past and, by the domination 
in E'^^®E^'^ we conclude that E'^^ is uniquely integrable through J'^^[y). 
Similar if z e W^''{y). 

Assume also that neither 2) nor 3) hold. Consider local central in- 
tegral curves W^^{y) and W^{z) and call w the point of intersection. 
Although they may not have rate of expansion or contraction, a sim- 
ilar argument can be done so that h{w) = h{z) = h{y). Therefore, 
{w} = J^'{y) n J™(^) e h-^{x). □ 




Figure 4. 



Corollary 4.9. Conditions (HI) and (H2) are satisfied. 

Proof. We need only to check (HI) in case (iv) above. We the above 
notations, we observe that g{J^'^{y)) = J'^'^{g{y)) and similar for cu. 
Therefore, the product structure is invariant and it is not difficult to see 
that the maximal cardinality of a (n, e) separated set in the equivalent 
class has at most polynomial growth. Anyway, we can also say a bit 
more on the structure of the iterates of an equivalent class. Let y be in 
the class and consider J'^^{y). Since the length remains bounded in the 
future, we claim that \\D g''^\E'^u{y)\\ < a~^/^ for any n large enough. 
Otherwise, since for any w e J'^'^{y) we have that 

\\Dg-\E'^^{w)\\ > \\Dg-\E'^-{y)\\a''' > a''/' 
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and therefore the segment J^'^{y) will be, for n large, larger than 2Cr, 
a contradiction, and the claim is proved. Now, by domination, we 
conclude that ||Dc/"|E^"(?/) || < a^/^ 

every n large enough, and in 
fact the same holds for any w G J'^^{y). Hence, the length of J'^^{w) will 
decrease exponentially fast. We remark that a similar property holds 
in the past: the cu segments are contracted exponentially fast. Then, 
it is not difficult to see that for any e > the cardinality of a maximal 
(n, e) separated set in the class of y is the same as the cardinality of 
a maximal (n, e) separated set in J'^^{y) for n large enough. Thus, 
htopig, [y]) = 0. Condition (H2) holds trivially in the first three cases, 
and also in the fourth one by use, for instance, of Brouwer's fixed point 
theorem. Nevertheless, by the structure given above, case (iv) can not 
be a periodic class. □ 




Figure 5. 



Finally, for condition (H3), a similar proof can be done as in the 
previous example. 

4.1.3. Example 4- Derived from Anosov through a Hopf bifurcation. 
This example is the one treated in |9j. Explicit formulas and details 
can be founded there. This example, obtained from a linear Anosov 
through a Hopf bifurcation is not generic and does not include the 
examples in [7]. A sharper analysis should be done to study the latter. 

Let / : — > be a linear Anosov diffeomorphism, TT^ = i?* © E"^ 
with dim E^ = 2 and the / has complex eigenvalues in E'^ (p) , where p 
is a fixed point. We will deform / inside a small ball B{p,r) to obtain 
a diffeomorphism : ^ T'^ with the following features: 
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p is a repeller for g. 

g is partially hyperbolic TT^ = E"^ -B". 
Dg uniformly contracts E'^'^ outside B(p,r). 



\\Dg/ 



E^^ix) I 



< 



1 for any x ^ Wi^^{p). 



distco{g,f) < r. 

E'^^ is uniquely integrable. 



E-ipl 





E\p) 




y^^p 


E-{p)^ 




A 




9 



E^'{p) 



Figure 6. 



We will prove that g in the above conditions has a unique probability 
measure of maximal entropy. Denote by h the semiconjugation between 
/ and g.. It is not difficult to see that h is injective on each W^{y, g) for 
any y and moreover, h{W'^{y,g)) — W'^{h{y), f). Indeed, h preserves 
the unstable foliation and the central stable foliation h{W'^^{y, g)) = 
W'^{h{y), f ). Therefore, an equivalent class is contained in a central 
stable manifold. 

Lemma 4.10. Let x ^ W^{p). Then diam (^'"[x]) 0. 

Proof. Since x ^ W'^'^{p) then, there are infinitely many n > such that 
^ B(p,r) (and we may assume that without loss of generality 



g^-yx 



that g^{x) i WIXV))- Therefore, \\Dg-^ 



(z) I 



and the same holds 



□ 



for any y G [x] (and uniformly on y.) The conclusion follows. 
Corollary 4.11. Conditions (HI), (H2) and (H3) holds. 

Proof. First notice that the class [p] is a closed disc, with p as a repeller 

and the boundary attracts everything on the disk but p. Therefore 
hfopig, [p]) = 0. If [x] C W^^i^p) and [x] ^ \p\ then the class [x] is 
attracted by the invariant circle and so htop{g, [x]) = 0. Now, if [x] ^ 
W'^'^{p), then diam (^'"[x]) —>■ and therefore, for any e and any n large 
enough the cardinality of any (n, e) separated set in [x] is bounded, and 
hence htop{g, [x]) = 0. We have proved that (HI) holds. 

For (H2), let [x] be a periodic class. Notice that [x] fl W'^^{p) = 
and therefore diam (^'"[a;]) —>■ 0. But since, [x] is periodic, this means 
that [x] — X and so x is periodic and (H2) holds trivially. 
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Condition {H3) can be proved with similar methods as the previous 
examples. □ 

4.2. Suspension flows over derivated from Anosov diff^eomor- 

phisms. Let / : X X be an homeomorphims defined on the 
compact metric space X. Let t : X IR+ be a continuous function 
and consider the space 

Y = {{x,t) eX xR : 0<t< t{x)}, 

with the points {x,t{x)) and (/(a;),0) identified for each x E X. The 
suspention flow over / with height function r is the fiow $ = {ipt)teR 
on Y defined by 

ipt{x, s) = {x,s + t) whenever s + t G [0, t(x)]. 

Denote by M($) and M{f) respectively, the space of invariant mea- 
sures of $ and /. Then there exists a bijection R : M{f) — » M($) 
given by 

^ {ri X Leb \Y) 
^" (r/xLeb)(r)" 

It is well known that 

(4.1) htopi^) = sup h^i^pi), 

?eAf(<i>) 

where ipi is the time one map of the fiow $. Setting R{ri) = ^, by the 
Abramov's formula p]|, we have 

(4.2) h,i^,) = M^. 

Bowen and Ruelle [5J showed that in the particular case when / is a 
transitive Anosov diffeomorphism and the height function r is Holder, 
then there exist a unique measure maximizing the entropy of $ and 

/i$ = -R(/i^), 

where /i^ is the unque equilibrium state of the potential ip = —htop{^)T. 
In the particular case, when the height function r is cohomological to 
a constant, then fi^ = fi the Bowen measure for /. Now consider 
g : X ^ X and homeomorphism satisfying the conditions in Section [2] 
and let be the suspension fiow over g with the same height function 
r. Holder continuous and cohomological to a constant. By simplicity, 
we will take r(x) = 1 for all x G A. The general case is studied in [10]. 

Corollary 4.12. The flow \E' has a unique measure maximizing the 
entropy fii^, = fig x Leb , where fig is the Bowen measure for g. 
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Proof. First, note that R{^g x Leb ) = /ig so from (14.21) and since 
figir) = 1 we have 

(4.3) VxLeb (V'l) = V(^) = htopig)- 

Considering (14. ip . (14.21) and the bijection betwen M(\l/) and M{g), we 
have 

(4.4) /itop(^) = sup h^{<fi) = sup /i^^(5() = htapig). 

Finally from (14.31) and (14.41) we obtain that fig x Leb is the unique 
measure maximizing the entropy of \E'. 

□ 

Of course, Corollary 14.121 implies that all the suspension flows over 
each derivated from Anosov diffeomorphisms considered in the exam- 
ples above, with height function a constant have unique measure max- 
imizing the entropy. 
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